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Nonlinear Analysis of Graphite/Epoxy Wing Boxes Under Pure
Bending Including Lateral Pressure
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Additional loads are created on wing-box panels when bending loads are applied to the box beam. Bending
curvature, associated with longitudinal load, causes a distributed load perpendicular to both upper and lower
wing-box panels resulting in a lateral pressure. The nonlinear analysis of anisotropic panels with initial imper-
fections has been developed for symmetric panels under combined biaxial compression, shear loads, and lateral
pressure in order to obtain the out-of-plane panel deflection in the pre- and postbuckling range. The nonlinear
differential equations are expressed in terms of the out-of-plane displacement and the Airy function. They are
solved with the Galerkin method for various boundary conditions. Only by taking into account the nonlinear
effects of the lateral pressure on the skin panels is it possible to obtain a good correlation between theoretical
and experimental behavior. Experimental results on graphite/epoxy wing-box beams under pure bending showed
remarkable deformations of the panels (particularly the compressed panel) in a direction normal to their
centroidal surface, affecting both local strain values and the failure load value of the structures. Due to the
effect of the lateral pressure, the blade-stiffened panel wing box showed a remarkable deformation also in the
prebuckling Held.

Nomenclature
[A], [D] = extensional and flexural stiffness

matrices
#, 6, h = length, width, and thickness of panel
C/)(/ = unknown coefficients for the out-of-

plane function W
(£7)na = bending stiffness of wing-box beam

respect to neutral axis
£,, E2 = lamina modulus in longitudinal and

transverse directions
F = nondimensional Airy function,

ilr/A22h2

Fhk = unknown coefficients for i/>
G12 = lamina shear modulus
k = curvature
Mh = bending moment
Mv, A/v, Mxv = moments per unit length
/Vv, Wv, /Vvv, N, = forces per unit length
q = lateral pressure
T = nondimensional maximum initial

imperfection, wjh
t(, = equivalent thickness of the stiffened

panel
// , v, w — displacement components
W = nondimensional out-of-plane deflection,

wlh
w() = initial imperfection
jc, y, z = Cartesian coordinates
Znil = vertical distance of panel centroid from

neutral axis
e v , ev , £ v v = panel strain components

= midsurface strain components
= nondimensional applied in-plane

loads
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A - plate AR, alb
j>12 = lamina Poisson's ratio
£, 17, £ = nondimensional coordinate,

jt/<z, ylb, zlh
4> = slope of the neutral axis
$ = Airy function

Introduction

C OMPOSITE aerospace structures are often designed so
that they will not buckle below the limit load. However,

many of the analytical and experimental results available in
the literature1"9 have shown a noticeable postbuckling be-
havior of the composite panels before failure occurs, de-
pending on the width-to-thickness ratio.

These panels are usually considered as subjected to in-plane
loads and separately from the main structure; this is an er-
roneous approach because additional effects are created on
the skin panels, e.g., when all of the wing-box beams are
subjected to a bending moment. Let us consider a wing box
made up of two skin panels and two webs (Fig. 1); as a result
of the applied bending moment, the beam is curved. The
bending curvature, associated with longitudinal load, causes
a distributed load perpendicular to both the upper and lower
wing-box panels, resulting in a lateral pressure.10 In some
cases this pressure can play an important role in the defor-
mation of the panels and of their elements (skin and stiffen-
ers), as well as affecting their buckling behavior.

Fig. 1 Wing-box structure under pure bending.

1375



1376 ROMEO AND FRULLA

The effects of lateral pressure on the design of stiffened
compression panels have been evaluated in the past11"13 by
superimposing the stress resulting from the moment produced
by the lateral pressure, on the stress due to the applied lon-
gitudinal load. This procedure is applicable only when the
applied load is much lower than the buckling load.

The deflection of the orthotropic rectangular plate under
combined lateral and in-plane loads has been investigated by
Chia.14 The nonlinear terms have been included in this anal-
ysis and some theoretical results are reported for a simply
supported plate. However, experimental results have not been
obtained.

Deformations of wing-box compression panels were ana-
lytically investigated in the past15 by using the differential
equation of an orthotropic plate in which lateral pressure and
initial imperfections are introduced into the analysis through
a Fourier series. Only the linear terms were included in the
strain-displacement relations; this means that the out-of-plane
deflection tends to infinity as the applied load approaches the
buckling load. However, experimental results on several al-
uminium-alloy wing-box beams in bending16 showed re-
markable deformations of panels in a direction normal to their
barycentric surface, thereby affecting both local stresses and
final failure load. The theoretical analysis of Ref. 15 was
applied to two graphite/epoxy wing boxes under pure bending17;
the same limitations as those reported previously have inval-
idated the comparison between the analytical and experi-
mental results.

A nonlinear analysis is presented in this article to investigate
the pre- and postbuckling behavior of simply supported and
fully clamped anisotropic plates under combined biaxial
compression, shear load, and lateral pressure. Since panels
are often not perfectly manufactured, initial imperfections are
also included in the analysis. Such imperfections, in fact, con-
siderably influence the out-of-plane displacement behavior of
the panel and cannot be ignored.

Theoretical Analysis
The classical laminate theory has to be modified for the

large deflection and postbuckling analysis of anisotropic plates
under combined biaxial compression, shear loads, and lateral
pressure. The strain-displacement relations become nonlinear
when the components due to the out-of-plane deflection are
taken into account. Plates with the initial imperfections WQ
have been studied on the basis of the Marguerre approximate
nonlinear theory.14 The resultant strain-displacement rela-
tions are

ex = u x + \w2
x +

By = l^y + 2W2y + (l)

An index separated by a comma represents a derivative.
By introducing the Airy function ip(x, y) as

N, = Ny = (2)

and by using the principle of the stationary value of the total
potential energy, the third equilibrium equation is manipu-
lated into6

= 0 (3)

The compatibility equation is introduced in conjunction
with Eq. (3) for panels with initial imperfections as

(4)

By substituting the stress- strain relations for symmetric
panels, in terms of the ^ function and the out-of-plane dis-
placement, in Eqs. (3) and (4), and normalizing as

[A*] = A22[A~>] (5)

the following governing system is obtained:

D^W,K(( + 4Df6AW{Kr, + 2(D?2 + 2D6*6

- <7 = 0

A*2F,K(( =

(6)

(7)

The usual four types of boundary conditions along the edges
of the panel are studied6: 1) ends simply supported, sides
simply supported (BC-1); 2) ends clamped, sides simply sup-
ported (BC-2); 3) ends clamped, sides clamped (BC-3); and
4) ends simply supported, sides clamped (BC-4).

Several conditions have to be satisfied for each boundary.
For example, for (BC-4)

f = 0, 1: F,, = rjf F^ = -A7& W = 0

T, = 0, 1: F« = A2??* F,, - -AT/*, W - 0 = 0
(8)

where the nondimensional applied in-plane loads T^|, 77*, 77*^
are given as

Nxb2

h2A22
(9)

To satisfy the boundary conditions the assumed functions
are chosen in the following form:

F =

E I
p - l q-\

(, r,)

0(|, TJ) = T sin(77f )sin(7TT,)

(10)

(H)

(12)

where X and Y are the characteristic clamped -clamped beam
functions.6 While the Airy function remains the same, the
function o>(f , 77) is chosen according to the boundary condi-
tions to be

1) BC-1 ft>(£ 17) = sin(/Z7rf)sin(fc7r77)
2) BC-2 u(£ 77) = Xh(g)sin(kin,)
3) BC-3 *(£ 77) = Xh(f)Yk(rt)
4) BC-4 ate T?) = sin(/

The nondimensionalized transverse load q has been ex-
panded in double trigonometric series as

If the load q is uniform, then

_ ll6q°/7T2mnqmn - 0
for odd
for even

m, n
m, n

(13)

(14)
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Solution Method
A set of nonlinear algebraic equations (the governing sys-

tem) in terms of Fhk and Cpq and in terms of calculated Gal-
erkin coefficients has been obtained by using the Galerkin
procedure in Eqs. (6) and (7). The resultant nonlinear alge-
braic equations in the contracted form are

V r D'i = y C K'i;Lj ^-'mn'^'mn Z~l ^pqL^pq

+ T KW '

4- y C F Gij
' Z~l ^pqL rs^-* pq

4- (15)

(16)

plirs, Dljnn, G'Pqrs, and K*Pq concern the
situation without an initial imperfection T. The terms BWPq,
G0£, and KQ'J concern the presence of T, and Qij relates the
presence of external transverse load. These all vary according
to various geometric parameters, materials, boundary con-
ditions, and Galerkin integrals. The applied loads are con-
tained in the terms K'Pq, KQ'J, and Qtj. Although a good con-
vergence of the Galerkin solution has been obtained with 25
terms, it is preferable to use 36 terms.

The Pobuck computer program6 has been developed to
solve the set of nonlinear equations (15) and (16), using an
iterative procedure in order to find the postbuckling path at
a certain load level. After possible values have been assigned
to the unknowns Cpq, the first step consists of extracting Fhk
from Eq. (16) and substituting it into Eq. (15). The next step
is to solve this final nonlinear system as a function of the Cpq
unknowns and thereby work out the Cpq. The scientific library
software available from ABACI is then employed to solve
the final nonlinear system, using as a base the modified Powell
hybrid method for finding the zero of a system of nonlinear
functions.18-19 The user provides a subroutine that calculates
the functions and the ABACI code calculates the Jacobian
by a forward-difference approximation. The iteration is de-
veloped until convergence with Cpq is reached, within 0.5%.
The new minimum total potential energy configuration (also
with different numbers of half-waves) is obtained, starting
with the last solution of Cpq for subsequent load levels. If
convergence has not been reached in this way, different initial
Cpq values can be assigned. The ABACI software used for
solving the nonlinear system quickly converges to a solution
without noticeable problems.

The Pobuck software operates on an IBM PS2 or higher,
requiring about 5 min of CPU time with 36 terms, using NDP
Fortran.

Lateral Pressure
As the result of the bending curvature, the longitudinal

load applied in the upper and lower wing-box panels are not
aligned with respect to each other (Fig. 1); a vector addition
therefore results in a lateral load per unit width Nz = Nx<f>.
On the assumption that the engineer's theory of bending (ETB)
holds, the variation of the lateral load between an infinitesimal
length x is given by

(17)

since

Nx = = AV(E/)na (18)

The lateral pressure q° applied to each of the wing-box an-
isotropic panels is finally calculated as

Out-of-Plane Deflection and Curvature
Within the ETB hypothesis, deflection and curvature of a

box beam subjected to pure bending are given by

= Mh(ax - *ETB = AV(E/)na (20)

If the local deformations due to the lateral loads are not
considered significant, these two parameters would be con-
stant along the width of the wing box. For example, a deter-
mined value of the length gives a wing-box deflection WN L of
the same value as in the lateral section as well as in the middle
section. The whole out-of-plane panel deflection is finally
obtained by superimposing the nonlinear deflection WN L of
the panel subjected to combined uniaxial compression and
lateral load [Eqs. (15) and (16)], on the wing-box beam de-
flection obtained by the ETB [Eq. (20)]. Along the sides, of
course, the nonlinear contribution is zero since the panel is
supported. The same procedure is followed for the panel cur-
vature:

.— if— /VN (21)

Experimental Tests
An original testing machine was built15-16 in order to apply

pure bending loads to wing-box beams (Fig. 2); the apparatus
consists of a frame (A), two spar clamps (B), hinged through
bolts to four swinging linkrods (C), and two hydraulic jacks
(D). The specimen (E) is bolted with suitable fittings to the
clamps; a hydraulic jack is hinged to the other side of each
clamp so that the bending moment can be applied step-by-
step.

Several bending tests were carried out on wing-box beams.1317

Graphite/epoxy prepreg material was used for manufacturing
the specimens and cured by means of an autoclave cure cycle.
One specimen had blade-stiffened cross-sectional panels with
lamina stacking sequence and dimensions as shown in Fig. 3.
A moderate difference was measured between the thicknesses
of the compression and tension panel elements. Since the

Fig. 2 Overall view of the bending machine.

tensile
J panel

U U s iU Sl-lbu U
skin(±457/03/±457); web(±457/0-902

Lay~~upj
stiff eners (±453/07)s

n n ai n "im^1 n_
83.5^ I conpressed

*"" ———— •"* panel
423

5

3.77

f = Ml(An - (19)
Fig. 3 Configuration and geometrical data of the wing box tested
under bending.
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Table 1 Buckling analytical results for the wing-box
stiffened panel under uniaxial compression

Buckling mode

Overall
Skin
Stiffener
Torsional

Buckling load,
N/mm

-488
-716
-852

-1212

Applied load,
N/mm

-488 -563
-251 -289
-688 -794
-488 -563

44»

22,

38 40

>9 3~5 2a|J27 3"? 26l[|25 39 2A\J[23l |42

18 16 14 12

Deflection Measurements

Fig. 4 Strain gauges and deflection measurement locations.

same layup was used for both panels, this difference seems
due to improper vacuum bagging and consequent pressure
application during the two cure cycles. The wing-box length
(excluding the fittings) was 0.688 m.

Deflection data at different load levels were taken by using
a dial deflectometer that ran on a guide independent of the
box structure for a length of approximately 0.43 m and was
connected to an x — y recorder. Longitudinal strains were
measured by several strain gauges placed back-to-back at panel
half-lengths (Fig. 4).

The lamina material properties were experimentally deter-
mined to be

tape: £, = 131.08 GPa
GPa iv - 0.38.

fabric: E~ = 63.76 GPa
GPa iv = 0.08.

< 2 = 13.01 GPa G12 = 6.41

:2 = 63.76 GPa G12 = 6.41

The smeared extensional and bending stiffnesses12-20-21 of
the stiffened panel with respect to the centroidal axis were

An = 254,983, A^ = 70,680,/U = 104,934, ,466 = 74,296
(N/mm)

DM = 19,163,138, Dn - 71,006, D,, = 75,478, D66 -
74,448 (Nmm)

The theoretical overall buckling load of the stiffened panel
subjected to uniaxial compression was determined via the
computer code Pobuck introducing the smeared stiffnesses12-20 21

in the plate governing system [Eqs. (15) and (16)]. The local
skin buckling is determined in the same way by introducing
the skin stiffnesses in place of the smeared stiffnesses. Fur-
thermore, the local buckling of the stiffeners, as well as the
torsional buckling, were determined.1320 The boundary con-
ditions considered along the edges of the panel were with the
sides clamped and the ends simply supported. A summary of
the results obtained is reported in Table 1. The analytical

buckling mode and buckling load are shown; for two values
of the load applied in the compression panel during the test
(-488 and -563 N/mm), and the load distribution between
skin and stiffeners is also noted. At the highest load applied
during the test, the stiffener applied load is very close to the
stiffener buckling load.

Experimental Results
A summary of the analytical and experimental results ob-

tained is given in Table 2.
The deflection curves were measured on the compression

panel along the wing-box length at several longitudinal sec-
tions (Fig. 4). Two were near the side webs (lateral sections),
one was along the longitudinal middle section in correspon-
dence to a stiffener, one was along the skin between two

Table 2 Analytical results for the wing-box stiffened panel under
pure bending

kNm

7.18
14.36
17.95
21.54
25.13
28.72
32.31
35.9
39.49

N/mm
-93.7

M87.5
-234.3
-281.2
-328.1
-375.0
-421.9
-468.8
-515.5

MPa
0.00062
0.0025
0.0039
0.0056
0.0076
0.0099
0.0126
0.0155
0.0188

mm

0.181
0.795
1.41
2.38
3.86
5.91
8.34

10.81
13.19

ANio6

I/mm

3.7
16.4
29.0
49.0
79.4

121.0
169.4
216.8
261.2

(El)n, = 1.0816E12, Nmm2

Bending Moment (kNm)
BOBBD 0.0

7.18
14.36
17.95
21.54
25.13
28.72

___32.31

200 400 600 800
LONG. MIDDLE SECTION (mm)

a)
200 400 600 800

LONG. LATERAL SECTION (mm)

Mb=35.9 ( k Nm)

Fig. 5 Experimental out-of-plane deflection of the compressed wing-
box stiffened panel: a) longitudinal middle section (above) and lateral
section (below) and b) axonometric view at a bending moment of 35.9
kNm.
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40-n

oeeeo PRESENT THEORY (middle)
AA&&A EXPERIMENTAL (middle)

Fig. 6 Comparison between the experimental and the analytical out-
of-plane deflection.

401

50 100 150 200 250 300
Kx (E-6/mm)

Fig. 7 Comparison between the experimental and the analytical panel
curvature.

stiffeners (not exactly at the half-pitch because of the strain
gauge location), and two were along the stiffeners. An initial
imperfection was recorded on the compression panels. The
highest values measured were 0.25 mm on the middle width
and 0.1 mm at the sides.

The deflection curves measured along the longitudinal mid-
dle and lateral sections are drawn in Fig. 5a for different values
of the applied bending moment. A remarkable difference
between the two longitudinal sections can be seen clearly, as
well as in the axonometric view (Fig. 5b). Within the ETB
hypothesis, beams should have the same deflection along the
entire width of the same transverse section (webs, middle,
etc.). It is only by taking into account the effect of the lateral
pressure produced by the beam curvature (as reported in the
present analysis) that the discrepancy can be justified. A com-
parison between the experimental and the whole analytical
out-of-plane deflection is shown in Fig. 6. The maximum de-
flection of the compressed stiffened panel (measured at half
length) is plotted as a function of the applied bending mo-
ment. Both the middle deflections and the lateral deflections
are reported. The linear behavior traced here was determined
by Eq. (20) and it is only valid for the lateral section. The
linear behavior clearly varies considerably from the experi-
mental results measured in the middle section. Overall, a good
correlation was obtained between the results determined by
the present nonlinear analysis and experiment. The same be-
havior is shown for the whole panel curvature along the x axis
(Fig. 7). The theoretical curvature was obtained by using the
second derivative of the analytical panel deflection along the
panel length; while the experimental curvature was analyti-
cally obtained from the experimental deflection along the
panel length. The analytical and the experimental results dif-
fered only slightly here.

Figure 8 shows the experimental strains as a function of the
applied bending moment, measured by back-to-back gauges

40-1 40-i

***** S.G.I
044*0 S.G.2
oeeea PRESENT THEORY

MMIIMI HMTMIM I I II HI IM M M 11 I I I U| 11 M 11 VH Nl M M I III

-2500-2000-1500-1000-500 0 500
a) STRAIN (E-6)

,,.,...,,,,,,,.MM.,.,,,.,.,.,,,.,M.M,M.M.,,,.,.,.,
-5000-4000-3000-2000-1000 0 1000

c) STRAIN (E-6)

40-i

* S.G.5

oeeeo PRESENT THEORY
A A A A A CTO
V V V V V 1.1 D

-2500-2000 -i Soo'-'i bob' '-soo " w o "'"560
b) STRAIN (E-6)

40-|

30

20

10-

d)

S.G.27
***** S.G.28
eeeeo PRESENT THEORY
***** ETB

i 500 1000 1500 2000 2500 3000
STRAIN (E-6)

Fig. 8 Comparison between the experimental and the analytical longitudinal strains.
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placed both on the skin and on the stiffeners as outlined in
Fig. 4. An almost linear behavior (Fig. 8a) was recorded on
the compressed stiffener placed near the web (gauges no. 1-
2). Here, the panel curvature exerts little influence on the
classical bending strain. A totally different behavior (Fig. 8b)
is observed in the compressed stiffener placed in the middle
section (gauges no. 5-6). It clearly varies from the classical
ETB and a strain reversal occurred starting at a bending mo-
ment of 23.33 kNm. Since both back-to-back strain gauges
behaved in the same way, local stiffener buckling is excluded.
As an effect of the lateral pressure, the stiffener was subjected
to a local bending moment that drastically alters the hypoth-
esis of a uniform compression longitudinal loading of the panel.
In practice, a tensile value was obtained at the maximum
moment data recorded. All things considered, a good cor-
relation was obtained between the results determined by the
present nonlinear analysis and the experiment. Strains were
analytically determined by superimposing the strain resulting
from the lateral pressure curvature on the classical bending
strain of the centroid, and the local deflection was taken into
account on the vertical distance of each element with respect
to the neutral axis

exi = e°xi ± zclkx = MhZJ(EI\a ± zc,kx (22)

The same behavior was recorded for gauges no. 3-4 and
no. 7-8. Contrary to the behavior of the compressed stiffener
above the centroid, the strain of the compressed skin panel
(gauges no. 15-16) is increased by the lateral pressure curva-
ture (Fig. 8c). A strain reversal typical of local skin buckling
seems to begin at the maximum moment data recorded. An
almost linear behavior was observed in the tensile panel,

Mb= 14.36 (kNm)
Mb=21.54
Mb=28.72
Mb=35.9

I -1000 M I I I Mb=39.5

-2000

i= -3000
Q

c5
O -4000

a)

-5000: M M . . M . | . M . M . M | . . . M M M | . . . . . . I M | . . . . , M . . |

0.0 0.2 0.4 0.6 0.8 1.0

1000q

-4000

b)
0.0

Fig. 9 Compression membrane longitudinal strains across the panel
width at different bending moments: a) skin and b) stiffeners and
webs.

both for the stiffeners (gauges no. 27-28) (Fig. 8d) and for
the skin. Lateral pressure also affects the strain distribution,
but less so.

The plot of compression membrane longitudinal strains across
the panel width at different moment levels is shown in Fig.
9a for the skin and 9b for the stiffeners and webs. We can
clearly see the nonlinear effects of the lateral pressure, es-
pecially on the stiffeners. At the highest load reached in the
test, only two of the five stiffeners were still subjected to
compression while the other three were loaded in tension.

The wing box failed at a bending moment of 43.1 kNm
(which corresponds to a longitudinal load of 563 N/mm) by
delamination of the compression stiffener at about 90 mm
from one end. Although applied strains are not well docu-
mented, since there were no strain gauges placed in that area,
it seems possible that failure occurred as a result of the local
buckling of the stiffeners. Several experimental tests13 showed
that stiffened panels under uniaxial compression failed cata-
strophically as the applied load approched the buckling load.
However in our tests, as reported in Table 1, the applied
longitudinal load was greater than the predicted overall buck-
ling load. This event could be a consequence of the nonuni-
form compression longitudinal loading of the stiffened panel.

Conclusions
A good correlation between theoretical analysis and ex-

perimental results was obtained for wing boxes under pure
bending by considering the nonlinear effects of the lateral
pressure on the deflections of stiffened panels. These tests
clearly demonstrate that lateral pressure can drastically change
the buckling of stiffened panels and the strain distribution on
each element.

Experimental results permit the following conclusions:
1) The Pobuck computer program is well structured and

gives results consistent with the experiment.
2) Extended testing activity is necessary to investigate other

boundary conditions and to verify the behavior for higher
loads.

3) Results were obtained for a flat panel with initial im-
perfections, however, a light curvature is induced along the
panel length due to the bending moment. Therefore, the gov-
erning system has to be modified in order to include this effect.

Further efforts should be directed towards the examination
of these problems with a view to improve the correlation
between theoretical and experimental data.
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